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CHAPTER I 
INTRODUCTION 
The pioneer A. A. Griffith (1921) , led by Inglis' idea 
(1913) of stress distribution around an elliptical void, set 
up the fundamental theory of rupture and flow in solids for 
the contemporary scientists in the field of fracture 
mechanics. Today his theory is the well known Griffith 
fracture criterion extensively used in investigation and 
explanation of fracture phenomena. 
Two of the recent researchers who contributed substan­
tially to the field of fracture mechanics are I. N. Sneddon 
(1946) and R. Sack (1948). They have both derived expressions 
for the critical stress around a three dimensional penny-shaped 
crack. In addition, Sneddon found the equations for stress 
distribution around a penny-shaped crack, and succeeded in 
expressing them in an asymptotic form valid when the distance 
from the crack tip is small. 
Mott (1948) , in a study of the fracture process in a 
solid from the energy viewpoint, found that the kinetic energy 
of a propagating crack should be in the form of kf(f
2 t2v2/2E2, 
where the k is a numerical constant. This formula has been 
extensively used by the later researchers. 
J. P. Berry (1960) who was interested in.the behavior of 
a moving crack, has employed the kinetic consideration of the 
Griffith criterion to consider the crack propagation and has 
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succeeded in obtaining the equations of motion under constant 
force and constant strain as well. However, those researchers 
all treat the crack problems under the assumption that the ..
material surrounding the crack is an ideal elastic solid. 
In recent years it has been found that the fracture 
mechanism is much more involved than the Griffith theory 
implies. The reason for this is that there are few materials 
which behave in a perfectly brittle manner, as is assumed by 
the early theory. Most solids exhibit a certain amount of 
yieldi�g around the crack tips before the fracture can start. 
Cbnsiderable attention has been given to certain non­
elastic problems of fracture mechanics involving plastic and 
visco-elastic solids. Let us mention here the monograph by 
A. S. Tetelman and A. J. McEvily (1967) . These authors have 
discussed the macroscopic and microscopic aspects of fracture, 
and they have also discussed a formidable amount of experimen­
tal data obtained for non-elastic solids. However, they have 
never attempted to analyze the problem mathematically. 
A. Mendelson (1968) has discussed the various plasticity 
theorems as applied to fracture problems in his book publish� 
ed recently; but he has not introduced new ideas except for a 
careful report on the works of the other scientists. 
G. R. Irwin (1957) and E. Orowan (1955) have modified 
Griffith's theory basing it on the energy considerations. 
They have independently shown that the critical stress is not 
entjrely dependent on the specific surface energy as was 
assumed by Griffith, but rather it is controlled by the 
plastic dissipation energy at the crack tip. For example, 
the critical stress for ductile steel differs from that which 
would be obtained from Griffith's equation, for the plastic 
dissipation energy for ductile steel is about 2 x 106 erg/cm2 
while the specific surface energy is only about 2 x 103 erg/cm2 • 
Up to now no one has obtained the exact solution for a 
crack in an elastic-plastic solid except for J. Hult and 
F. C. McClintock (1956) , who have solved exactly the problem 
of a propagating crack in an ideally elastic-plastic solid 
for the anti-plane shear. Two of the more recent works have 
been done by J. R. Rice and G. F. Rosengren (1968) , and J. W. 
Hutchinson (1968) who obtained a nnear field" solution (i. e. 
true in an asymptotic case) to the stress and strain dis­
tribution around the crack tip. 
Growth of the plastic zone from the tips of cracks or 
notches has been a subject of investigation for years. Some 
investigators· tried to analyze this problem by introducing 
certain models such as, those of Dugdale (1960) , Barenblatt 
(1961) , and Wnuk (1969) . Dugdale, led by an ingenious in­
tuition, proposed that (at least for plane-stress conditions) 
the plastic deformation at the crack tip is entirely confined 
to a narrow tapered zone extending in the crack plane. G. I. 
Barenblatt (1959) has introduced a modulus called ••cohesive 
modulus" in order to explain the quasi-ductile fracture (in 
fact he meant brittle solids, but it has been established 
that his model is also very useful for ductile fracture if 
only the plastic zone is localized) . 
Dugdale's idea has been used by J. N. Goodier and F. A. 
Field (1963) to explain the shape of the plastic zone in the 
two-dimensional case. And by the method of elastic�plastic 
continuum mechanics, the evaluation of the plastic energy 
dissipation· rate has been done. Olesiak and Wnuk (1966) 
have obtained a three-dimensional solution for the stress 
distribution and extent of the plastic zone by use of Dug� 
dale's concept. 
Wnuk (1968) also has worked on a problem which concerns 
the nature of the fracture in plastic and visco-elastic 
solids extending the energy criterion to non-elastic cases 
and employing the Dugdale model. The formulae of the strain 
energy and of the plastic energy dissipation rate have been 
derived. In addition a criterion of ductile fracture has 
been introduced by Wnuk (l968), in which a critical plastic 
energy dissipation rate, and a characteristic crack length 
� has been defined. 
A simple "cut-ends cigar" model of a crack is proposed 
by Wnuk (1968) to describe the effect of plasticity and time 
on the fracture. The scale of yielding is required to be 
small. 
The contents of this thesis are mainly calculations 
concerning the three-dimensional penny-shaped crack. 
4 
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However, in the discussion we also include the two-dimensional 
problem. In most chapters of this thesis, we use the approach 
of energy balance to consider the crack propagation. The 
kinetic energy and the crack propagation velocity are obtain­
ed by employing Mott's equation of kinetic energy. 
In Chapter II we consider the brittle fracture of a 
solid initiated from an adventitious crack under constant 
tensile stress. The kinetic energy, the crack propagation 
velocity, the effective elastic modulus, and the Griffith 
locus have been evaluated and discussed. It is found that 
the small crack has the higher effective modulus, while the 
large crack has lower effective modulus. It is also found 
that the kinetic energy of the solid transforms entirely into 
the surface energy during the course of the fracture process. 
In Chapter III, the brittle fracture is considered 
under constant strain. The results from C�apter II are 
employed to get the stress-strain relationship, and by using 
Griffith locus and energy balance approach, an equation for 
crack arrest is derived. Solving the equation for crack 
arrest we obtain the arrest crack length. The Griffith locus 
itself defined a critical condition, by which the stable 
region, along with the unstable region, is distinguished. We 
also find a particular crack length by which the snall crack 
and large crack are defined. By Newton-Raphson numerical 
method, a computer program is prepared and has been run to 
obtain two tables for arrest crack lengths. In this chapter 
the conclusion is that the large crack is more stable than 
the small crack, provided that strains are kept constant 
during the test. 
In Chapter IV we introduce the ductility effect into 
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the problem. Thus the solid becomes the elastic-plastic one. 
In the two-dimensional case, the formula for elastic energy 
has been derived in Appendix B, and was used in conjunction 
with the formula of the plastic work from Wnuk (1970) . The 
plastic energy dissipation rate is evaluated by formulae 
from Goodier and Field (1963). In the three-dimensionr�l 
problem we use the formulae of strain energy and of critical 
plastic dissipation energy from Wnuk (1968) . The equations 
for the kinetic energy and the velocity are derived and dis­
cussed in two cases: one is the large scale yielding, the 
other is the small scale yielding. The results are discussed 
in comparison with the elastic solution. I� is found that 
the ultimate properties of the elastic-plastic solid are 
determined by the applied load, the crack size, and the 
plastic dissipation energy rate. 
Chapter Vis devoted to the study of Irwin-Isida theory' 
of fracture criterion for a plate of finite width. A modi­
fied Griffith stress along with the Irwin-Isida locus is 
derived. The discrepancy found in the Irwin-Isida locus and 
the Griffith locus is in the case of the large stress. In 
the case of small stress they tend to coincide with each 
other. The approach of energy balance is used in obtaining 
an equation for crack arrest. 
In Appendix A we present a FORTRAN program for crack 
arrest. Appendix B is devoted to deriving the elastic 
energy for the two-dimensional problem. Appendix C shows 
the dynamic effect on crack opening displacement. 
CHAPTER II 
BRITTLE FRACTURE UNDER CONSTANT TENSILE STRESS 
1. Fracture Analysis 
During early years of fracture mechanics most investi­
gators followed the Griffith cri\erion in considering crack 
propagation problem. This criterion is applicable to per­
factly brittle material behaving elastically up to the point 
of fracture when tested in laboratory. In a sense, the 
Griffith criterion for fracture treats the system as a con­
_servative one, i.e. the total work done on the solid trans­
forms entirely to the potential energy and kinetic energy 
without dissipation. 
Let us take a sample of solid of volume V containing a 
penny-shaped crack of radius £0 (see Figure 1) the crack we 
shall be using is the Dugdale-Barenblatt model (1960). 
V 
2 
Fig. 1. The section of a penny-shaped crack in a solid 
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The ground state potential energy is 
(2,1) 
Where S0 represents the surface energy in the absence of 
crack, and (is the specific surface energy, a material 
constant defined as the energy required to bread the cohesive 
- force and create unit area of new surface when the crack 
length increases. As Griffith showed in the two-dimensional 
2 2 problem, the strain energy increases by an amount rJ.. TC.(j f._0 /E, 
when the solid is subjected to external tensile forces 
uniformly distributed in.the direction perpendicular to tha 
crack surface. In the three-dimensional problem, as shown 
by Sneddon (1946) it is a(1-I) o2 R..o3 3E 
strain energy of the solid is 
2 
V(J 
2E 
+ 
Thus the total 
. (2,2) 
where E. is the Young's modulus and Y is Poisson's ratio. 
The first term is due to the elastic strain energy without 
the presence of crack. 
Rewriting expression (2, 2) as 
rl 
(2,3) 
we see that since the material is brittle, without ducti­
lity, it can be considered as an elastic material with 
effective elastic modulus as 
VE 
At this stage the total potential energy of the sample is 
(and it is total energy at this stage) 
10 
vrl 
2E + (2,4) 
As the stress increases up to the critical point of fracture, 
the potential energy is 
2 
H1 = SO + 2 rt.Do f + 
2 2 3 
v42 + 8(1-Y) t7c fo -------------
2E 3E (2,5) 
Again it is the total energy, since the conservative system 
is assumed and does not have kinetic energy yet. By sub-
tracting the ground state energy from the total energy shown 
in (2,5), we find the work done on the sample is 
W1 
V ti2 8(1-,) 2 ) 4
2
1o
3 
= C + 2E 3E (2,6) 
According to Griffith's theory, the crack can now 
propagate. Our experiment here is to keep the applied stress 
constant and to see in what manner the crack is moving. 
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At any subsequent instantaneous stage, during the crack tip's 
movement ahead, the crack diameter is 2!. Up to this crack 
length (21), the applied stress starting from the incipient 
fracture point has been traveling a distance E - Ee • Thus 
the second stage work done is 
(2, 7) 
where E and Ee are strains corresponding to crack length 
2 .l. and 2 l0 respectively. 
From Hooke's law we have 
Substituting (2,8) into (2,7) yields 
W2 = V (I: [---�=c�--­
V+l6 (1-J
2
) J} /3 
( 2 ,8) 
(2,9) 
Combining (2, 6) and (2, 9) produces the total external work 
done on the sample at this stage at crack length 2 ,,f_. 
We obtain it as 
vQ 2 
wtot = _2_E._
c
_ + 
2 2 
s(1-v ) � 
3E (2, 10) 
Also at this instantaneous stage during propagation, 
the system possesses an amount of total energy 
] + K 
12 
Oc2 
2E 
[V+ 16{1-i/
2
) f? 
3 (2,11) 
Where the first two terms are surface energy, the third term 
is the strain energy, and K is the kinetic energy. 
Writing the energy balance for the system as 
Then it is 
V 0:.
2 2 2 2 8(1-y ) tr ( 2 (L3 -1 3) so+ 2n:(� + C + 2E 3E 0 
= so + 2tt.f£..
2 + lt
2 
[V+ 
16�1->'
2l 13 J + K 2E 3 
from which we obtain kinetic energy as 
K 
8(1-/) Cf2 3 3 = 
3E ( Q - Ro ) 
or letting y = i. / fa then 
2 2 3 
8 (1-y ) � f-o 3 K = ------------- [ (y -1) -
3E 
where �onstant A will be seen in (2,18) 
(2,12) 
(2,12a) 
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In 1948 Mott demonstrated that the kinetic energy of 
the system in solid must be in the form of 
k�a:
2
..e_2 V 2 K = ___ c___ c_ 
2E.2 (2,13) 
for the two-dimensional problem, -and 
K = 
k r;- 2 o3 V 2 
S C ..t. C 
(2,14) 
for the three-dimensional problem, where k is'a numerical 
· factor determined by the geometry of the solid, � is the 
density of material and V0 is the velocity of crack propagation. 
Substituting (2, 14) into (2, 12) and solving for V0 
yields 
V 2 = C 
41t.YE ..1.. 
2 I} ( 1-
k � <l .(_ 
When the crack length extends to the infinite size 
crack propagates with a maximum limiting velocity of 
1-.v 
k 
2 
which we will apply in order to judge our results with 
elastic-plastic solids in the next chapters. 
256733 
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(2,15) 
(2,16) 
A quantity that plays an important role in fracture 
mechanics has been defined as the Griffith stress, and it 
reads as 
Ere. r 
14 
(2,17) 
because it is the actual stress that brings the solid to the 
incipient fracture point. We can use it to define a dimen­
sionless parameter, 
7I: E o 
(2, 18) 
Substituting (2, 16) and (2, 18) into (2, 15), and letting 
X = P. II... 
0 
we obtain 
Ve = V [ 1-/\x - (l-/\) x
3 / max (2, 19) 
Taking the derivative of (2,19) gives the acceleration of 
crack propagation, that is 
(2,20) 
Introducing a new variable as dimensionless crack length 
Y = 1/x = I. / 1.0 , and integrating (2, 19) we get the crack 
15 
length-time relation as 
3 2 t 
[ y -/\ y - ( 1- A ) ] (2, 21) 
This integral has been computed numerically by the Simpson 
method and the corresponding graphs are shown in Figure 2. 
To show an example of integration in a closed form, let 
us take A =  1. then (2, 21) becomes 
V max t = 
(
y
l 
( 
y 
l.o J y-1 
t 
) dy 
Performing the integration yields 
V max 2 t -1 1 t . t = (y -y) + tanh ( y
- ) 
�o y 
This curve compares favorably with that from numerical 
integration (see Figure 3) .  
2. Fracture Criterion 
. ( 2, 22) 
From equation (2, 12) , the kinetic energy can be put in 
dimensionless form as 
(2, 23) 
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As shown in Figure 4, the kinetic energy increase is accelera­
ted as the crack length increases until the solid is broken 
through entirely. The intersection point of the abscissa 
and the curves indicates the critical point at which the 
kinetic energy becomes positive. The curve of /\ = -2-2 
corresponds to Griffith's criterion. The parameter/\. must 
be equal or less than+, otherwise fracture can not occur 
i. e. the applied stress must be equal or greater than the 
Griffith stress. 
Figure 5 is of equation (2, 19), showing graphically the 
.velocity and crack length relations. Figure 2 shows the time 
and crack length relations corresponding to (1,22). In Fig. 
2 we can see that the behavior of the moving crack depends on 
/\, and hence on the discrepancy between applied stress �c 
and the Griffith stress Dg. 
The equations (2,19) and (2,20) when substituted with 
x = l(f =�) give zero velocity and zero acceleration, phy­
sically, it is due to the Griffith criterion standing on an 
unstable equilibrium. The applied stress must at least at 
the initial moment infinitesimally exceed the Griffith 
stress, so that the acceleration can be brought to positive 
value and then crack length 9an increase. 
As shown in (2,3), the effective modulus qf a solid 
containing a penny-shapped crack of radius i0 is 
3EV 
(2,24) 
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The Hooke law gives 
� =-----3E_V __ _ E 2 3 
3V + 16 (1-�) f..0 (2,25) 
Again the Griffith criterion is defined by (2,17) as 
Combining {2,25) and (2,17) yields 
0g + ____ 2_<....,....E ...... 2�'( __ 3_ 
E 2 2 5 3V(l-Y) 0g 
This gives the locus of Griffith fracture condition. The 
graph is shown in Figure 6. 
An interesting property of the locus of Griffith condi­
tion is illustrated in Figure 7. Our experiment here is 
considering a sample containing a penny-shaped crack of 
radius J.0 extending under constant ultimate stress. 
Fig. 7; Distribution of energy in a tensile fracture process 
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According to Hooke's law our effective modulus gives the 
stress-strain curve OA in Figure 7. At the point A the crack 
starts to extend in length. If we let the load reduce so 
that the stress and strain belong to the Griffith locus, 
there will be no rapid e�tension as there is no excess of 
energy to be transformed into kinetic energy. Then the 
strain energy must transform entirely into surface energy 
represented by area OAD. When at point A we maintain the 
stress constant at <Jg level, the crack length increases ra­
pidly, At the length of 21 corresponding to point B, the 
·work done on the system is represented by the area OABC. The 
increase of surface energy is OAD. But the strain energy at 
this stage is only OBC. We can conclude that the remaining 
area ABD is the kinetic energy. 
From (2,24) we see that the smaller the initial crack 
the greater the effective modulus and the Griffith stress. 
It allows us to conclude that the small crack is safer than 
the large crack. However, from Figure 7 we can see that under 
constant stress the small initial crack is more dangerous 
than the larger crack, because the kinetic energy of the 
small crack increases at a pace much greater than that of 
the large crack soon after the onset of fracture. 
It would also be expected that the rate of stressing or 
straining would have an influence on A and hence on the 
behavior of the moving crack. 
CHAPTER III 
BRITTLE FRACTURE UNDER CONSTANT STRAIN 
1. Fracture analysis 
As shown by Berry (1960) for the two-dimensional problem 
and by this thesis for the three-dimensional problem, a crack 
contained in a sample subjected to tensile forces will not 
in fact increase its size until the ultimate stress increases 
beyond the Griffith stress c?g_• The Griffith cr1 terion is 
actually a c:;:iterion for an unstable equilibrium, and it 
supplies the lower limiting value for the crack opening load. 
According to this criterion both initial velocity and the 
initial acceleration are zero. In order to start the crack 
to grow, the applied stress must be increased to a little 
higher value (tt) so that the initial acceleration is finite. 
The discrepancy between 0c and tg depends on the size of the 
crack and the rate of stressing. From the equations already 
developed, it appears that if the stress is maintained con­
stant at the maximum value Oc, the behavior of a moving crack 
depends critically on the discrepancy between 0c and 4. Now 
we consider a crack propagating under the condition that 
after loading to the critical stress 0c the sample is main­
tained at the constant critical strain Ee (while the crack 
·propagates). 
As derived in Chapter I, the stress-strain relation for 
a large sample solid containing a central penny-shaped crack 
of radius 10 is 
The Griffith locus is 
Eg = Es+ 2rc.3E
2r3 
_E JV(l-p2 ) trg""5 
20 
(J,1) 
(J,2) 
The form of the curve given by (J,2) is shown 1n Figure 6. 
The point of intersection of the stress-strain relation curve 
and the Griffith locus represents the critical condition of 
fracture, and therefore it defines the regions of stability 
and instability of a solid weakened by a crack. The region 
beyond the intersection represents unstable, and the region 
below the intersection is stable. When the initial crack 
length approaches zero, the effective modulus tends to Young's 
modulus. Both the predicted ultimate stress and the effective 
elastic modulus of a sample decrease continuously with in­
creasing initial crack length, but the ultimate strain passes 
through a minimum for a particular value of the initial crack 
length, given by .t03 = JV/80(1-} 2 ). Thus, the minimum in the 
ultimate strain is determined by the size of the initial 
crack relative to the dimensions of the sample. As will be 
shown below, two different types of behavior are to be ex­
pected under conditions of c.onstant strain, depending on the 
relative size of the initial crack� For a sample containing 
a small crack, the point at which the Griffith criterion is 
21 
satisfied lies on that part of the Griffith locus where the 
slope is positive. If the initial crack is large , the slope 
of the locus is negative when the Griffith criterion is sat­
isfied. The change from positive to negative slope occurs at 
the condition for the minimum ultimate strain , i. e .  when 
0.03 = JV/80(1 -µ 2 ) . Consequently , in discussing the behavior 
of the system at constant strain , it is convenient to charac­
terize the initial crack size and sample dimension by a dimen­
sionless parameter "m " where m = V / ( 1 -;,2 ) .l03 . 
The effective elastic modulus of a sample containing a 
small crack (m > 83 > is relatively high , as indicated by 
the lin OA (Fig . 9 ) . The critical condition is satisfied at 
point A ,  and the crack can then increase in length . If the 
strain is maintained constant at the critical value the 
modulus decreases and the stress therefore also decreases as 
the crack grows . Thus , at any arbitrary later stage , the 
condition of the system can be represented by the point B ,  
and the line OB is the stress-strain relation for the sample 
containing the larger crack . It is clear that , since the 
point B lies in the region of instability, the crack in the 
sample must continue to increase . in length , the kinetic energy 
being represented by the area AEB. When the stress on the 
sample has decreased to the value indicated by point C ,  the 
relation between the crack length and the stress again sat­
isfies the Griffith criterion. However, the system still 
possesses a large amount of kinetic energy indicated by the 
area AEC, and. consequently the crack continues to advance. 
(T 
0 
Fig .  9 .  
G E-
D 
Behavior of small crack in a tensile sample. 
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As it does so , the surface energy increases at the expense  
of  the strain energy and the kinetic energy. Eventually the 
kinetic energy will be reduced to zero and the crack will 
stop. If the point F represents this  final cond ition the 
system now possesses  only strain energy, given by the area 
OFG, and surface energy { OAECD ) . The total energy mus t  be 
equal to the work performed on the system , i. e .  the area 
OAG , and hence the area CFD 1s equal to the area AEC . Clear­
ly the crack is now subcritical in length with respect to 
the final value of the stress. 
The Griffith cond ition relating the applied stress to 
the size of a crack is satisfied twice dur ing the course  of 
the experiment, first in the vicinity of the point A, and 
second at the point c .  As already discuss ed the attainment 
of the Griffith condition in a sample containing a crack and 
subj ected to a tensile s tress , is  indicated by the minimum in 
the relation between the kinetic energy and. crack length . 
2J 
From the above considerations , the kinetic energy is at a 
maximum at the point C where the Griffith condition 1s again 
satisfied. Thus in both instances the same differential 
condition is fulfilled ( dK/dl = 0) , but in the first case this 
defines a minimum , and in the second it defines a maximum. 
The effec tive elastic modulus of a sample containing a 
large crack { m  < �) 1s relat1vel; low (F1g. 10) , and the 
slope of the locus is negative at the point at which the 
Griffith criterion is satisfied. If the s train 1 s  held con­
stant at the critical value (A) , it is evident from Fig. 10 
E 
Fig. 10. Behavior of a large crack in a tensile sample. 
that the crack will increase in size. By the same line of 
argument when the Griffith criterion is again satisfied at 
Point B, the kinetic energy is at a maximum , and is represent­
ed. by the area ADE. The crack continues to grow until the 
system achieves the condition represented by the point C ,  
i. e. until the area BCE is equal to the area ADB. In this 
case , the final crack size will depend on the 
2 4 
amount by which  the Griffith s tress ( Og )  i s  exceed ed , i . e . 
on the d i s tanc e DA . Thi s  fac t marks the essential d i ffer­
ence in behavior between small and large initial cracks in 
samples  sub j ec ted to thi s  type of experiment . A small crack 
will increas e in s i ze by an amount which depend s  primar ily 
on i ts ini tial . s ize . A large crack will increase in s ize 
only by an amount depend ing on the d iscrepancy between CJc 
and O"g .  Sub j ec t  to the cond i tions of constant s tra in ,  there­
fore , large cracks are ,  in this s ense , more s table  than 
small cracks . 
2 .  Energy balance and crack arrest  
As  d iscussed in  s ec tion 1 of  this  chapter and shown in 
Figure 9 , the Griff i th cond i tion 1s twice satisfied during 
the course of the experiment , fir s t  a.t the mom·ent when the 
stress-strain curve of load ing process intersects  the Grif­
fi th locus , and s econd at  the moment the mo�ing crack und er 
constant cri tical s train extend s to a length correspond ing 
to the state of point c .  The kinetic energy i s  minimum a t  
the first  time and is  maximum a t  the second time . After 
cross ing the locus  the mov ing crack will be arres ted at  the 
moment the kinetic  energy is exhausted , and i ts s tate will . 
b e  correspond ing to the point F .  Of cours e  the crack 1 s  
arres ted a t  a cer tain l ength larger than the ini tial one . 
E 
E 
Fig. 1 1. Energy balance for crack arrest. 
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It would be of  interest to predict an arrest crack 
length in the relation to the initial crack length ( -"-c, )  and 
the initial maximum applied stress (Oc ) .  To do this we use 
the approach of energy balance, i . e . we shall require that 
the kinetic energy represented by the area ABD 1n Figure 1 1 
be equal to the surface energy represented by the area BCE . 
To compute the area ABD and BCE we divide them into four 
parts K1, K2, s3, and S4 as shown in the graph • . The kinetic 
energy 1s Ki + K2 (in fact K1 + Kz represent the maximum 
kinetic energy of the system ) ,  and the surface energy is 
S3 + S4, thus 
(J , J ) 
Our purpose is to express - the above energies in terms 
of the initial crack length (f0 ), the Griffi th stress ( !?g ) 
and the sheet area (for a two-dimensional problem ) or volume 
of the sample (for a three-d imensional problem ) . 
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The formulae for areas are 
( J  , 4 ) 
( J , 5 ) 
{ J , 6) 
( J , 7 ) 
It  1 s  known that Oi) equal s the Griffith stress 0g at point D 
and that 
( J , 8 )  
where k is  the overs tress  factor , while �' s d enote the s trains 
corresponding to a giv en point id enti fied by i ts subs cript .  
A. Two-d imens ional case  
The Gri ffith s tress  is  given by 
( J , 9 )  
and the maximum s tress  1s  
{ J, 10 ) 
The stress-strain curve gives (Berry 1960 ) 
E = A + 2 21l. .to2 ( 2EQ ) ½ A AE · {,r_ .ea 
E = A + 2 7,r �o
2 
( � ) ½ D AE 1,z_J..o 
where 
for plain stress 
for plain strain 
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(3 , 11) 
(3 , 12) 
Substituting { 3 , 9 ) , (J , 10), (3 , 11) , and (3 , 12 ) into {J,4) 
yields 
{J , 1.3 ) 
Using ( J, 11) and the Griffith locus (Berry 19 60) we have 
{ J , 14) 
and carrying out the integral (J , 5 )  gives 
(J , 15) 
The Griffith stress correspond ing to point E reads as 
(3 , 16) 
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Using (3 , 11 ) , ( 3 , 14 )  and {J, 16 )  and carry ing out the 
integral (2 , 6 ) yields 
S = � _ � _ k A+271t-l, 2 ( 2E)' )½ l't_ 3 2E i :A1(0r3 AE fn: lo  VB 
_ [L _ 2al_ _ k A+2�rr.R.o2 -- 2 j' ] 
� 7(,l A A t 7(/fo l 
It i s  also known that 
E = A+2irt /4
2 a: = A+2�ttl2 ( �)½ E .  AE gE AE t7C.l 
arid EA = Ee , thus 
o; = AE c _ k A+211C {o 2 ( .El )
½ 
C A+2ilt Lz C - A+21rr. f- �.f.o 
(3 , 17 )  
(J, 18 )  
(J, 19 ) 
Therefore by substituting (3 , 11 ) ,  ( 3 , 18) , (J , 19 ) and (J, 16 )  
into (J , 7 )  we obtain 
S4 = ({A+2 �11'.,e_2) [_!. - .JL A+2���9 2 ] 
2 
l JC. A /l J.. A+2'{lL IL..., (J,2 0 ) 
Combining (3 , 13 ) , ( 3 , 15 ) , (3 , 17) and { J , 2 0t accord ing to 
( 3 , 3 )  gives 
(k-1 )2 (A+2�lC.ea2 ) + k A+2�1l.4
2 
- 2 
A
2 + 1L \  2-1.o - J..0 l.o 
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For dimensional purposes we introduce new symbols defined as 
R = P...2 / A 
(3 , 21a) 
Ro = Ro 2 I A 
Substituting {J , 21a )  into (J , 21 ) , and shifting the r ight 
hand side terms to the left hand side of the equal sign , we 
can conclude that the whole expression is the kineti c  energy 
of the mov ing crack at  any stage. When it becomes zero , the 
corresponding crack length 1s that of an arrested crack. 
We have 
{ J , 22) 
Once the ratio R0 of the square of the initial crack 
length to the area of the sheet , and the overstress factor k 
is known , the arrest crack length can be computed by (3 , 22) .  
Equation (J , 22) may not be solved in a closed form but it can 
be programmed for a computer and solved by use of a numerical , 
method. A computer FORTRAN program was prepared with use of 
the Newton-Raphson method to solve the algebrai c  equation of 
type ( 3 , 22 )  ( see Appendix A ) . The coefficient was assumed to 
equal that for a plain stress , ' =  1 , while k and R0 were 
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allowed to as sume d ifferent values . The answers are l i s ted 
in 1able 1 .  
The graphi cal representation of (J , 22 ) has been shown in 
Figure 12 . The curve twice  intersects the absci s sa ,  the 
po int of f ir s t  intersection indicates the initial crack 
opening , the second one ind i cates crack arres t .  
B .  Thre e-d imensional cas e  
A s  derived in section one of  thi s  chapter , the s tress­
s train relation f or a penny-shaped crack 1 s  
( J , 23 ) 
and the Gr iff i th locus  i s  described by 
(J , 24 ) 
Using the same approach as that appli ed in the two­
d imens ional cas e , we can obtain the equation for the crack 
_ 3 + 1 6 ( 1 -y )H _,, 2 [ 3 + 1 6 ( 1 - · ,2 ) Ro ( _H )
l/6 ] 2 
12Ri/JR0�/J l 
- k
• J  + i 6 ( 1-/2 ) R  Ro 
(J , 25 ) 
Jl 
where R = /}/V 
The left hand side  of  this equation represents the kineti c  
energy of the system a t  any stage of the crack motion . The 
method used to solve (J , 25) is the same as that used to solve 
(J, 22) . Table 2 shows the arrest crack lengths under the 
assumpt ion of y = . J .  
The graphs of (3 , 25) are like those of (J , 22) . The 
curve twice intersects the absc issa , the firs t intersection 
point indicates the ini tial crack, the second point ind i cates 
the arrest crack. The maximum point of the curve represents 
the maximum kinetic energy and is corresponding to point B 
in Figure 11 .  
CHAPTER IV 
FRACTURE OF THE ELASTIC-PLASTIC SOLID 
UNDER CONSTANT TENSILE STRESS 
1. Ductility effect 
In the discussion of the last two chapters we confine. 
our attention to a perfectly brit�le solid. Thus the frac­
ture criterion actually is that of Griffith. In practice·, 
however, most solid materials possess a certain property of 
ductility and hence exhibit a certain plastic yielding which 
takes place at the crack tips before the onset of fracture � 
Consequently very few solids can have the fracture processes 
occurring in the manners conforming to the description of 
Griffith's fracture criterion. This kind of material is the 
so-called elastic-plastic solid. 
Today it is found that the fracture mechanism is much 
more involved than the Griffith theory impiies, when studying 
the fracture phenomena from the energy point of view. The 
energy absorption associated with crack growth in ductile 
materic.l is muc� larger than the estimated work perfor�ed 
against the cohesion forces. Thus a certain additional 
energy is required to produce the plastic strains, and to 
cover the plastic energy dissipation . 
In this Chapter we will use the same energy balance 
approach as we did in Chapter II. However, we are to consid­
er the fracture in the elastic-plastic solid containing a 
c entral penny- shaped crack , as shown in Figure 13. 
tr 
J L- J J 
V 
2 
Figure 13 , The s ec tion of a penny-shaped crack in  the . 
elas tic-plastic  sol id 
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In figure 13 , V ,  o- and �o repres ent the volume of solid , the 
uniform tensile  s tres s ,  and the crack rad ius respectively . 
The annulus between the d iameter s  2 .1.0 and 2a i s  the s o-call ed 
plas tic  zone , whi ch ari s e s  from plastic d eformation due to 
the yield ing . The crack being consid ered i s  als o  the Dugdale­
Barenblatt mod el . Let us s tudy the two-d imens ional problem 
firs t ,  and the three-d imens ional problem nex t .  
2 . Two-d imensi onal p:i::�oblem 
2-1 .  Frac ture analysi s  
In the two-d imens ional problem , the volume V reduces . 
to shee t area A ,  whil e  the o ther no tations remain the same 
as previously mentioned . 
Befor e the s tress  is  applied to the sample  shee t , the 
po tential energy ground s tate 1s 
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H0 = S 0 + _4 J�n di (4 , 1 )  
where S0 is the surface energy in the absence of the crack, n 
represents the spec ific  plas tic  energy dissipation in place 
of the specific  surface energy f in the purely elas tic case. 
Theoretically, n should include f ;  but the experimental 
measurement ( Felbeck and Orowan ( 1955 ) )  shows that the plas tic •  
work before the new surface could be formed is about 1000 
times larger than the surface energy in the Griffith sense. 
Therefore f 1s  negligible. According to Goodier and Field 
( 1962 ) we have 
� w  4 y2 
n = 4S[ = i � E ! g(� ) 
where g (f ) = � tan � - log sec � 
<1 
1' = y 
(4 , 2 ) 
{ 4 , 3 ) 
(4, 4 ) 
Y is the yielding stress, a material constant, and 0- i s the 
critical stress. \ is 1 for plane stress, and 1-y2 for plane 
s train. 
A /-
When the stress is  applied, the strain energy 1s � 
in the absence of crack. In the presence of a crack, the 
strain energy will increase by an amount U, which is the sum 
of elastic work we and plastic . work WP performed on the system 
(Wnuk 1968) . 
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u = We + WP (4 , 5 )  
where Wp was worked out ( Wnuk 1970) as 
WP = 
8![2y2 ( t> tan � + 2 log cos �) 
JZ:. E  
( 4 , 6 )  
All the symbol s are the same as explained befor e . The nota­
tion log represents natural logar ithm . 
Elas tic energy We i s  d erived in append ix B of thi s  thes i s , i t  
read s · as 
- 2t
.Q.2y2 [ 4 ,r_ ' . J We - E 2 � tan � - ir. ( z  - {:> ) ( F> tan � + 2 log cos� � 
where m= l = cos B a ,- • 
Combining ( 4 , 6 ) and ( 4, 7 )  yields 
where f ( �) = ( 1 +£) [' tan � + ( 1+ �) log cos t'  
( 4 ,  7 )  
(4 , 8 ) 
. By (4 , 8 ) therefore , the total strain energy of a sol id 
containing a penny- shaped crack , und er tens ile s tres s (5 i s  
Atf 
2E + U 
_2 2 2 .  
CT f · 16:.k lo ILY f 
2E  L
A + 
7,-2 
and henc e the effec tive  modulus i s  
or 
( 4 ,  9 )  
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where ( 4 , 10 )  
Summing up the ground s tate energy H0 and the total s train 
energy yi eld s  the total potential energy of the sys tem .  
When the appli ed s tress  increas es to the cri tical value 
(Tc the total potential energy is  
H1 = So + 4 f
o
l, ndt + Oc
2 [ A + 1 6'l �/ n:y
2 
f {8) ] 
) , 2E E�
Z I ( 4 ,  11 ) 
Subtracting ( 4 , 2 ) from ( 4 , 11 )  gives the work done on the 
solid befor e  crack propagating as 
2 
W1 = �E [ A + 4, lo 
2
1t. f 1 { � )] ( 4 , 12 )  
At any subsequent s tage after the onse t  of fracture the total 
· work done 1 s  
( 4 , 13 ) 
· where Ee i s  the cri tical s train and E is the s train of sol id 
at any subs equent s tage of the crack length ! . 
Us ing Hooke ' s  law and the effective modulus ( 4 , 1 0 ) the s train 
E. of sol id can be found . Ar"ter sub$t1 tuting ( 4 , 1 2 ) into 
(4 , lJ ) and s impl i fying yield s 
Wtot 
= � + BlY��{(?) ( 2/L
2 - .R.o 2 ) ( 4 , 14 ) 
or 
2 
= A� + 2u(l ) -u(la) 
2E 
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Adding the ground state energy ( 4 , 1) to the total work done 
on the system ( 4 , 14) yields the total energy of the system at 
this moment which is H0 + Wtot• But we know at any instan­
taneous stage of the moving crack, the system should possess 
the total energy 
Hz = S0 + 4 J:n dl + U(.Q..) + K (4 , 15 )  
where the first two terms denote the surface energy, the 
third term represents the strain energy while K 1s the kinetic 
energy . 
Writing the energy balance, it should be Hz = H0 + Wtot• 
After simpli fying we obtain 
where 
K = u cl )  -u < i.o) - 4J�n d b_ 
or 
K = a��� <ll c t2 -lo z '  - aJi2 g(� > u_2 -lo z >  
(4 , 16) 
f(f ) = (1 +� � tan � + (1
+�) log cos � 
g ( � ) = � tan � - log sec � 
Substituting f ( f) and g ( � ) into ( 4 , 16 ) , the func tion 
reduces to 
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(4 , 17) 
or 
( 4 , l?a ) 
where y = 1./J!..0 
Again us ing Mot t ' s  kinetic  energy formula 
2 2 2 
K _ k f'Oc � Ve 
- - · 2E2 
and subs t i tuting it  into ( 4 , 17) , after s implifying yield s 
V 2 C 
or 
( 4 , 18 )  
Ve = Vmax l 1 -� ] ½ { lC
2
� 
( � tan � + 2 log cos � ) l ½ 
( 4 , 18a ) 
l ½ 
Wh V. = ( 2k
TC.)
2
( ! ) ere max J 1 s  the maximum l imiting v eloc i ty of  
the elas tic soluti on a s  d emons trated by Berry ( 1960) . When 
the crack propagates  to the 1nf1n1 te size  Y --+ oo , the 
veloci ty tends to a maximum l im-i ting value : 
. V - V [ g_ ( 8 tan f\ + 2 log c.os A ) ] ½ max • e p  - max 7t �  1 r , 
( 4 , 19 )  
The plastic term in formula (4 , 19 ) is the correc tion 
factor of the elastic-plastic solution on limiting velocity 
{ Pigure 14) 1n comparison with elastic solution. These 
equations (4,17 ) ,  { 4, 18 ) and (4, 19) are general elas tic­
plastic solutions of fracture of the two-dimensional solid 
under constant tensile stress. They will be discussed and 
normalized to compare with elastic solution in the next 
section. 
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2-2 Fracture cr� terion and comparison with elastic solution 
It 1s of interest to discuss the elastic-plastic solu­
tion by comparing it with the elastic solution, so that we 
can get a better understanding about the ductility effect  on 
the fracture of the solid. Doing this, we are to normalize 
the dimensions, so that the elastic solution and the elastic­
plastic solution will be on the same scale. 
A. large scale yieldin� 
When the applied stress is large ( � � t ) the plastic 
zone around the crack tip spreads to a relatively large size, 
thus the yielding is in large scale . 
From Berry (1960)  we have the kinetic energy formula 
of elastic solution : 
Ke = Co [ ( y2- 1 ) -n ( y- 1 ) ] (4 , 20) 
where 
The f irst term of (4, 20) represents strain energy, and 
the second term denotes surface energy, as shown in Figure 
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15. (4 , 17a ) is  our elastic -plastic  formula for kineti c  
energy. Both ( 4 , 20 )  and _ (4, 17a) are on the same scale, and 
are compared in Figure 16. It is ·- to be noticed that the 
greater the applied load (r ) the greater the reduc tion of the · 
kinetic energy . 
Substi tuting Mott ' s  formula into (4, 17a ) generates 
1 ½ [  2 1 ½  Vep = Vmax (1- ::Zy ) _ rr. B  ( � tan � + 2 log cos � ) r ( 4, 21 ) 
Berry gives elastic  solution as 
1 
1 ½ ( y1] 2 Ve = Vmax ( 1- :z) 1- (n-1 ) y 
Figure 17 shows the comparison of Ve and Vep 
When y --..octhe 
Vep = Vmax h ( �) 
· where h ( f> ) = [ !� ( f tan � + 2 log c os � ) 1 ½ 
the correc tion factor of the maximum limit ing veloc ity. 
(see Figure 14 ) 
B. Small scale yield ing 
( 4 , 22 ) 
or 
For the applied load � -- 0  the yield ing scale at crack 
tip is localized to a narrow region , and thus the plasti c  
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energy dissipation rate tend s to be a constant i. e. n -a,..n0 • 
The function f ( � ) 1n (4 ,16)  reduces to 
and thus { 4 , 16) becomes 
2 2 
K - 1t.10g P.o 
or 
where' 
ep E 
n = 
Prom Berry, the elastic solution is 
2 2 
Ke = l(.VTc E R.o _ { < l-1 ) - n ( y-1 ) ]  
( 4 , 23 ) 
( 4, 24 )  
( 4 , 2J ) amd ( 4 , 24 )  are compared in Figure 18 1n some different 
ot values. 
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Substituting Mott's formula into ( 2 ,24) gives 
(4 , 25) 
Comparing ( figure 19) with elastic solution (Berry 1960) 
Ve = Vmax ( 1 "'.  �) ½ [ 1 - ( n-1 ) ; r (4 ,26) 
We conclude that the reduction both on V and K depend on 17a ,  
the plas tic energy dissipation rate of the large initial 
crack . 
There 1s a fact found 1n both Figure 1 8  and Figure 19 , 
which shows that the parameter � must  be equal or smaller 
than 2, so that the crack length may grow in size. At � )  2, 
the kinetic energy between 1 < y < o< -1 1s negative . ( It i s  
a mathematical difficulty , and there is  no physical me�ning 
in our problem . ) 
· J .  Three-dimensional problem 
3-1. Fracture analysis 
The approach used to obtain the elastic-plastic solution 
in the penny-shaped crack problem will be the same as that 
used in the two-d imensional crack , except some formulae we 
Will use are different in forms. Goodier and Field have 
succeeded in deriving the formula for plastic energy dissipa­
tion in the two-d imensional case. Olsiak and Wnuk (1966 ) , 
and Wnuk ( 1968 ) ,  have succeeded in obtaining the formulae for 
the elastic energy , the plastic deformation work, and the 
4J 
,1as tic energy d1ss1pa tion rate of the plas tic zone around 
;he penny-shaped crack . They are 
(4 , 27 )  
u ( l. ) (4 , 2 7a )  
(4 , 28 )  
ere 
( 4 , 28a ) 
the ratio of the appli ed s tress and y ield ing 
( 4 , 27 ) is  the total s train energy due to the crack . I t  
contr ibuted both from the elastic  energy and the plast i c  
rk . (4 , 28 )  is  the spec ific  plas tic  energy d issipation . 
Referring to Figure 1 3  on page 33 . the potential energy 
ound s tate of a solid containing a penny-shaped 
H0 = s0 + 4
11
.lo 
n Q dR. 
·2 2 n 3 
= 
1 6 ( 1 -y ) Y  !2 G ( ,, ) 
Ho 80 + JE 
c1·ack is 
(4 , 29 )  
All symbols remain the same as those of the two-dimensional 
case unless specified . 
When applied �1th the tensile stress, the total strain 
energy increases to 
or 
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(4, JO) 
as the stress increasing the total strain energy becomes 
larger . At the -critical state it therefore 1s 
V 0c2 
2]; +  
or 
lt2 ( 
2E V 
8 ( 1 -y2 ) it 2 B { " )  J 
JE -;r- k  
+ 1 6 ( 1-}
2 ) l03 B ( " ) 
3 � 
(4, JOa) 
] 
By this . one can readily see that the effective modulus is 
VE 
( 4 , Jl )  
Adding the ground state energy ( 4 , 29 ) to the total strain 
energy (4, JOa ) yields the total potential energy of the solid 
H1 • We also know that (4 , JOa } - is actually the total work w1 
done on the system before the onset of fracture. · Af ter the 
crack reaches the critical state, it may propagate , while the 
stress remains at a constant critical value 4 •  At any 
subsequent stage, the total work performed on the system 
is therefore 
( 4 . 32) 
Doing the same job as in the two-dimensional case, we obtain 
a 2v ( 2 2 
Wtot = ½ + 8 lj� ) 4, - B�) (2 1_3 - foJ l (4, JJ ) 
for the three-dim,::ns ional case.  
Again the sys tem at this  instantaneous stage should 
have the total energy 
ji 
Hz = s0 + 4� 
0 
nfdl + u (t )  + K 
Making the energy balance Hz = H0 + Wtot• generates 
K = u (1) - u( j0 ) - 41t. f � n .0...d .b. 
or 
}2 2 3 K = 8 ��i )Y B(� )  c;? lo ) 
16( 1
3
�
2 )Y2 G ("'- )  ( i3 - J_OJ ) = 0 
( 4 , 34) 
( 4 , 3.S ) 
This result i s  the same as that obtained by Rice  ( 1966 ) , 
however, it seems odd that the kinetic energy equals zero. 
Thus the crack always remains stationary . All of the strain 
energy is spent in the plastic diss ipation ,  ther�fore, there 
1s  nothing left for initiation of the crack propagation . The 
reason for thi s  d ifficul ty may be due to overes t imat ing the 
surface energy . 
In ord er to pas s  around the d ifficul ty we encounter , 
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let us use the cri ti cal plas tic  energy d is s ipation rate  whi ch 
1s  found by Wnuk ( 1968 ) , in place of the s pec if i c  plas tic  
energy d i ss ipation for calculating the surface energy . 
The d efini tion i s  shown as 
ncr1 t n � _ n I. = o _r-r - o r-£  * 
where } = l /1* d enotes a d imens ionless  crack rad ius and 
( 4 , 36 ) 
·tb is  the energy d i s s ipation required per uni t area of  new 
surface when frac ture i s  ini tiated by a long crack . Bo th n 
0 
and l are material cons tants related to the ela s t ic modulus ,  * 
Po isson ratio , y i eld s tress  and cri tical d i splacement at  the 
crack t i p .  The phy s i cal explanati on of rf
r i t  
1 s  the cri t i ­
cal amount o f  energy abs orbed at  which the d eformation proces s 
end s  and . new surface i s  formed . 
Now ins tead of ( 4 , 35 ) ,  the kine tic  energy becomes 
( 4 , .3 7 )  
or carry ing out the integral i t  has the form 
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( 4 , .38 )  
This is the general solution for the kinetic energy of the 
penny-shaped crack. It 1 s  obvious that the fracture criter­
ion is involved with ductility 1�pl1ed by n0 , and �, and 
the applied load. We will discuss  thi s problem in regard to 
the large scale yielding case  and the small yielding cas e, 
and then compare each with the purely elastic solution which 
we d erived in chapter II. 
J-2. Fracture criterion and compari son with elastic solution 
It is of interest to discuss  the elastic-plastic solu­
tion by comparing it with the elastic solution, thus getting 
a better und erstanding of the ductility effect in the frac­
ture of the solid. Doing this , we will follow the steps as 
we did in the two-dimensional case. 
A � Larrr �· seal� yielding 
From chapter II equation ( 2, 12a) , we have found the 
kinetic energy for the elastic solution as 
Ke = C 
see  Figure 20 where 
[ { y
J-1 ) - A { y2-1  )] 
C = 8
( 1-y2)1q
3 c?;2 
JE 
(4 , 39) 
Rearranging ( 4 , 38 )  and using notation 4' = 1. If , Y = .i. lL0 * 0 
gives 
--
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where H { y ,  <I> ) = { y-�) 2 + 4cj>{ y-cj> ) - (  1 -ip ) 2 -4<1> ( 1-cj>) + 2<\l2 log jf :f I , 
B ( � )  as  giv en in { 4 , 28a ) , 
and /\ = i ( i) 
2 as we have in chapter I I . 
Letting 
the formula becomes 
o<. = ':h 
r 
I t  1s  also  to be noted that  
(4 , 40) 
{ 4 , 41) 
( Oles1ak and Wnuk 1966 )  
Equations ( 4 , 39 ) and ( 4 , 41) are graphi cally c ompared in  
Figure 21 . From the graphs we see  that the greater the . 
plas tic  energy d i s s ipated { greater o< )  the more the amount of 
ki netic  energy 1s reduc ed . The scale of yeild ing also has 
significant effec t  on kinetic energy r educt ion . 
Subs tituting Mo tt ' s  formula into ( 4 , 41) generates the 
propagation v eloci ty as  
( 4 , 42 )  
Figure 22 shows Vep in d i fferent ?\. values ,
 and als o  compares 
i t wi th elas tic  soluti on ( 2 , 19 )  
When crack l ength d evelops to the inf ini t e  y -- o<J the 
maximum l imiting velo c i ty tend s  to be 
V max 
'rhe func tion JB ( A )  /'A i s  the correction fac tor when c ompared 
wi th the ela s t i c  s olut ion . I t  d epend s on the appl i ed load . 
( s ee F igur e 23 ) 
B. Small s cale yi eld ing 
Thus 
For small scale yi eld ing <J)�O and �-..o .  
+ 2 <Jf  log I f:$ I '= y2 -1 
Ther efore (4 , 41 )  r educe s  to 
(4 , 43 )  
In the cas e of a non-relax ing material cx � l , the solution 
r educes to that of the elas tic cas e .  Equation ( 4 , 42 ) is  
shown in Figure 24 , in  compari s·on with the elas t i c  solu t i on 
( 4 , 39 ) .  
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Apply ing · Mo tt ' s  formula to ( 4 , 42 ) , we obtain 
(4 , 44 )  
I t  1 s  shown in Figure 25 , a d i fferent A� has a d ifferent 
effec t on veloc i ty .  
When the crack extend s to the infinite s i ze Y-CXJ the maximum 
l imit ing veloci ty tend s to be Vmax or 
V1im = Vmax 
Thus the fracture process ultimately develops to bri ttle 
frac ture , regardles s of the extent of the ini tial duc tili ty 
( whi ch merely delays the onset of the rapid frac ture p ropaga­
tion ) . 
4 .  The stress and s train relat ion 
4-1 . Two-d imens i onal case 
From Berry ( 19 60 ) or Chapter I I I  of thi s  thes i s , we have 
the effec tive elas tic  modulus for elas tic  solution in the 
two -d imens ional problem , tha t is  
( 4 , 45 ) 
where all symbols are in the same representation as  we used 
before .  
By Hooke ' s law the stress-strain relation i s  
( 4 , 45a ) 
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For d iscus s i on and c omparison we normalize  the  equat i ons and 
make the no tations d imens i onles s . 
Mul tiply ing ( 4 , 45a ) by 2Y and letting e = E E/Y gives  
( 4 , 46 )  
2 where R0 = P-o /A and i s  the square of d imens ionless  crack 
length . The s tress-s train relation 1s  a s traight l ine . For 
the larger crack length the effective modulus become s smaller . 
In the elastic-plastic  solution the effec tive  modulus 
accord ing to ( 4 , 1 0 ) 1 s  
= 
A +  1 6�  f (f ) 
The s tress-strain relati on i s  
( 4 , 47 )  
I t  i s  not a s traight line for the effec tive  modulus i s  not 
a cons tant but d epend s on the crack length as well as  on 
the appl ied load . As illus trated in Figure 2 6 ,  ( 4 , 47 )  i s  
compared wi th ( 4 , 46 )  und er d ifferent crack length . 
4-1 . Three-d imens ional case  
In  the penny-shaped problem the effect iv e  elas tic 
modulus accord ing to Chapter I I  i s  
( 4 , 48 )  
... 
The stress-strai n  relat ion is 
e 
where R0 = fo
J /V 
Accord ing to (4 , 3 1 ) the effec tive modulus for elasti c ­
plasti c solution is 
The stress-strain relation is 
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(4 , 50 )  
It  also depends on both the crack length and the appl i ed 
load , as illustrated in Figure 27  when comparing w i th ( 4 , 49 ) . 
We are to keep in mind that the crack d iscussed in this 
section IV is not a propagating one. 
The effec tive modulus of an elastic -plastic solid is 
not only dependent on the crack length but also on the 
applied load , i t  is not a constant , and therefore the stress­
stra in relationship  is nonl inear . 
CHAPTER V 
ELASTIC CONSTANT STRESS TEST ON A PLATE OF FINITE WIDTH 
1 .  Irwin and Is1da locus 
The Griff i th theory does not d efine the wid th of the 
solid sheet  in the frac ture probl�m but assumes the sheet  
area as  infinitely large . 
In the theory of  elastic i ty ,  a plate und er the strain 
test shall possess the elastic strain energy 
2 u = a.!L o 2E ( 5 . 1 ) 
( In this chapter all the notat ions are the same as d efined 
in the prec ed ing chapters unless otherwise speci f i ed ) . In 
case of the plate of infini te wid th containing a crack the 
elasti c  strain energy will increase by an amount whi ch can be 
calculated from the Irwin equation : 
,e = 1 dU _ 1K
2 
J 2 dl - E ( 5 , 2 ) 
where S is the energy r el ease rate , U is the strain energy 
and K is  the stress intensity fac tor d ef ined as 
K = ff'{rc.l )  ½ 
Substi tuting ( 5 , 3 )  into ( 5 , 2 ) iives 
t.k t � id Uc = i 1 tfrcld l  
( 5 . J ) 
-
Performing the integration ,  yield s 
(5 , 4 )  
Equation ( 5 , 4 ) was used in Berry ' s  paper ( 19 60 ) ; how­
ever , it  d id not take into account the effec t of plate 
wid th in the energy term . In prac tice ,  the rat io of the 
crack length to plate wid th has a cer tain degree of effec t on 
the strain energy , espec ially in the case of the large crack 
and small plate wid th . 
Irwin and Isida have obtained a modified stress intens i ty 
fac tor as 
K = CT ( w  tan -n:! r ½  w 
where w is the wid th of plate under test . 
Substi tuting ( 5 , 5 )  into ( 5 , 2 )  yields 
( 5 , 5 )  
( 5 , 6 )  
As the applied load increases to the inc ipient frac ture 
. point , the tensile stress is � •  and the energy release rate 
becomes 5 = 3c where 
�c = 2 1  ( 5 , 7 ) 
and o is the spec ific  sur face energy • 
Subst i tuting ( 5 , 7 )  into ( 5 , 6 )  generates 
2E c iifu 
\.w tan w 
( 5 , 8 )  
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We may call ( 5 , 8 )  the mod if i ed Griff i th s tress . 
I t  does  reduce to Gri ff ith s tress provid ed the ratio of the 
crack length and plate wid th 1s very small , ( � «. ¼> that  1 s , 
By ( 5 , 2 )  and ( 5 , 5 ) we have 
or 
1 dU  l 2 w tan (�l ) 
2 d l  = E � 
Performing the integration y ield s 
2 2 2'\,0- w 1 � Uc = E TC. _ og sec ( w ) 
( 5 . 9 ) 
( 5 . 1 0 )  
Thi s  i s  the s train energy due to the presenc e of a crack in 
a plate  of fini te wid th . 
Summing up ( 5 , 1 ) and ( 5 , 1 0 )  we obtain the total s train energy 
of the plate , and that i s  
or 
/ [ A + 4jTC.
�
2 
log 
_
s ec (Tt.wRo > ]  2E 
The effec tive elas tic  modulus now becomes 
AE 
Eeff = A + 4jw
2 
log s ec ( �t
o ) 
TC. 
( 5 , 1 1 )  
( 5 , 1 2 ) 
Wr iting the Hooke law 
(5 = Eeff E. 
combining ( 5 , 8 ) , ( 5 , 12 ) and ( 5 , 13 ) generates 
Eg = � _ 41w
20s 
�
w �2 
E icAE log ( 4Ez- + 'l2w
2 Cfi4 )½ 
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( .5 , 13 ) 
( .5 , 14 )  
This  1 s  the mod 1 fled locus of the Griffi th cond ition .  
Rearranging ( 5 , 14 )  and taking plane stress � = 1 ,  we obtain 
E:g = � 1 1 + i� log ( ���r! + 1 ) ]  
Choosing an arbitrary constant wi th stres s d imensi on 
divid ing ( .5 , 15 )  by � and letting 
yields 
e = 1s E/� 
e = s [ 1 + 
2w
2 
log ( � � +  1 ) ] 
ATC.. w2 s'+ 
For s implifying we are free to take the constant 
so that the locus becomes 
-
( .5 , 1.5 ) 
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. 2w2 Alt. 1 
] e = s ( 1 + ATL log ( 2w2 ;ir + 1 )  ( 5 , 1 6 )  
Le tting a ( 5 , 1 6 )  reduc es  to 
e = s l 1 + a log ( a!4 + 1 ) ]  (5 , 1 7 ) 
Now a i s  the parameter of the loc�s equation , wi th .['a be ing 
the plate wid th in d imens ionles s form . Figure 28 shows the 
loci for d ifferent plate wid ths . It  i s  read ily s een that 
at high s tress , the locus of (5 , 1 7 )  agrees wi th Griff i th ' s  
locus , but at  low s tres s they look very d i fferent . 
Using effec tiv e modulus ( 5 , 1 2 ) the Hooke law r ead s  as 
IT = 
or 
s = 
AE E 
4w2 ( �lo ) A - - log cos Tt w 
1 - 2a log cos (�R0 ) 
( 5 , 1 8 )  
( 5 , 1 8a ) 
where R0 = £0/w i s  the d imens ionless  crack length . Equat ion 
( 5 , 1 8a )  d epend s on the ini tial crack length as well as  on the 
width . 
2 .  Compari son of locu s and the s tress-strain r elation 
From Chapter I II we have the Griffith locus  as 
� . 8 Ef2
 
E
g 
= E + Al11:. 0gJ 
( 5 , 1 9 )  
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and the stress-strain relation as 
( .5, 20 ) 
Using the same method as that in section 1, we can easily 
reduce both equations to dimensionless ones as 
and 
1 e = s + sJ ( .5, 21 ) 
( S, 22 ) 
Just looking at ( 5 , 17 )  and (5 , 21 ) , we notice that the 
Irwin and Is1da locus depends on the plate wid th but the 
Griffi th locus does not. Looking at (.5, 18a ) and ( .5, 22 ) we 
notice that the former depends on both the width and the 
crac� length , the latter only on the crack length. 
J .  Crack arrest 
Fi 29 Energy balance for Crack Arrest. g .  • 
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In Chapter I I I  we used the Griffith locus and the Hooke 
law to d eriv e  the equation for the crack arres t , and that 
equation was ( J , 22· ) .  Us ing Irwin-Isida locus ( 5 , 16 )  and the 
Hooke law ( 5 , 1 8 )  we also can d er ive an equation for the crack 
arrest . As in Chapter I I I  the energy balance 1 s  
K1 + Kz = S3 + S4 
where K1 + K2 i s  kine tic  energy , and S.3 
+ S4 is  surfac e  
energy ( see  Fig . 29 ) . The final form of the equation is  
where 
+ h
2 
log 
2h½ tan {TtR ) 2 tan (1tR ) 
[ 1 
+ 1 
l tan2 (TCR ) 
h½ log 1 
tan (lCR ) tan (TC.R ) 
_ 1_-2h log cos  (rrR ) { l 
2h2 tan (TLR ) 
. tan (@l_ }
2 
tan (� 
(1-2h log cos  (7CR0 ) ] k 
h½ j tan (TCR0 ) tan (TC.R ) 
k ( 1-2h log cos  (�R0 ) ]  
1-2h log cos  (�R ) 
1 1-2h log cos (�Ro ) 
+ ( k2+1 )  2h� tan (n:R0 ) 2 tan (rt:.R0 ) 
1 ----- + 
log t 
1 = 0 ( 5 , 23 ) an ( rcR0 ) 
h 2w
2 
R = g_ = TC. A  w 
The table of arrest cracks is not obtained because the 
Irwin-Isida locus i s  influenced by the plate width , and 
thus for every given width only a certain small region can 
probably yield the arre st crack. Beyond this small region 
( i. e. the overstress factor or the initial crack length are 
outside a certain range) equ�tion ( 5 , 23) does not hold . 
It i s  suggested that for each specific case , the graphical 
analysis should be done before using a computer to find a 
close answer. 
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CHAP,TER VI 
CONCLUSIONS 
The concluding remarks of this thesis can be summarized 
with the following abstracts : 
1. The Griffith criterion for f�acture has been found in 
practice to be inconsistent with the behavior of the 
fracture processes in sol ids due to the existence of 
ductility in almost all kinds of sol id materials . 
These materials when containing a small crack will 
exhibit some plastic .yielding along the thin layer 
extending from the crack tip. Yet, the Griffith crite­
Fion has been used extensively for the interpretation of 
the ultimate strength of materials. Today the criterion 
itself is used to define the critical cond ition of brit­
tle fracture. The theoretical foundations for the study 
of brittle fracture from a continuum mechanics point of 
view belongs to A. A. Griffith. This theory proposes an 
explanation of fracture phenomena in terms of the energy 
required for crack propagation and is still being recog­
nized and used as the best approach in the field of 
linear fracture mechanics� 
2. In Chapter I I, we concluded that the details of the mo­
tion of a penny-shaped crack in the purely elastic solid 
are determined. by the stress condition existing at the 
point of fracture. The measured critical stress must 
be at leas t infini tes imally greater than that given by 
the Griff i th cri terion. The motion is also  determined 
by the size or · the crack and the rate of s training. 
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J .  For brittle frac ture, we find that under constant tensile 
stress , the critical stress of the small crack is greater 
than that of the large crack. _ Intuitively, the small 
crack gives us a safer condition than the large one . 
However , a small crack will propagate a more rapid rup­
ture than a large crack for the former carries a larger 
amount of kinetic ene�gy . We also find that under con� 
stant strain , the large crack is more stable than the 
small crack . 
4. In Chapter III we apply the Griffi th locus , which defines 
the criti cal cond ition of the crack to predic t fracture 
at constant strain. In the stress-strain plane the 
region beyond the locus is  unstable, while the region 
below the locus is the stable one. A characteristi c  
crack length lo = f JV /80  ( 1-.v 2)) l/.3 is der1 ved and i t  
d i stinguishes the small crack from the large crack .  
5 .  For constant s train test the final arres t length of the 
propagating crack is d etermined by the overstress fac tor 
and the ini tial crack s ize. ,  not merely by the Grif-
fith locus or region of s tabili ty. The Griff ith locus 
defines here the point of maximum kine tic  energy . 
6. The maximum 11mitin0 velocity of a propagating frac ture 
in the purely elastic  solid ( Vmax > is a characteristic  
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cons tant related to the sound speed in the sol id by a 
1 
factor ( 2/k ) � , in which k is  the Mott constant . In the 
cas e of the sol id which possesses some ductili ty the 
maximum limiting veloc ity will depend also on the applied 
load as well  as on the plas tic energy d i s s i pation rate . 
The large appli ed load leads _to a high maximum l im i ting 
veloc i ty ,  but the large plas tic energy d is s i pation rate 
reduces the maximum l imi ting veloci ty .  
7 .  The effective elastic  modulus of a bri ttle solid contain­
ing a penny-shaped crack is  a cons tant . Thus the s tre·s s - . 
s train relation before fracture onset  is  l inear . But 
for an elas tic-plastic sol id the effective modulus is  
variable . Thus the s tres s-strain relationship 1s  non­
l inear . Figures  26  and 27 imply for a low appli ed load 
the s tress-strain curve nearly res embles  a s traight l ine 
( elastic  solution ) , but when high loads are applied the 
nonlinearity of the curve is more pronounced . This  i s  
due to the extens ion of the yield ing scale . A larger 
load wi th a small ini tial crack causes a larger amount 
of yield ing . A smaller load with a large crack cause s  a 
smaller amount of yield ing . 
8 .  From the approach of energy balance w e  conclud e that the 
kinetic energy of the extend ing crack equals the dif­
ferenc e  between the s train energy and the surface energy . 
In the purely elas tic case  the strain energy cons ists  of 
the elas tic energy only while the surface energy is  equal 
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to the work done to break the atomic bonds when creating 
a new surface. In the elastic-plastic case the strain 
energy involves both the elastic energy and the plastic 
work, while the surface energy is dominated by plastic 
energy dissipation. The latter term is in fact much 
larger than the surface energy in elastic case . 
9. The result of this thesis is that in comparison with the 
elastic case, the kinetic energy and the fracture velocity 
of an elas tic-plastic solid are reduced to a certain 
degree due to ductility. Therefore, the ultimate prop­
erties of the solid are determ ined by the applied load , 
the crack size , and the plastic energy dissipation. 
10. The Irwin-Isida locus which was derived in Chapter V is 
influenced by the width of the sheet while the Griffith 
locus is not. For the very small crack { or higher Grif­
fith stress ) the Irwin-Isida locus conforms to the Grif­
fith locus, but for a large crack it does not. 
11. The results of this thesis are expected to be of value 
in engineering design. However, it is recommended that 
some experimental data be collec ted and analysed before 
utilizing our equations. 
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APPENDIX A 
PROGRAMMING 
By the Newton-Raphson numeri cal method , a FORTRAN IV 
program for solv ing for the crack arres t is presented as an 
illus tration .  This program is wr itten for the algebrai c  
equat ion ( J , 22 ) of Chapter I I I , with the resul ts s hown i n  
Table 1 .  
Table 1 l is ts the arres t cracks of the two-dimens ional 
problem for the frac ture process wi th some various over­
s tress fac tors and ini tial crack lengths . By the same  
approach , equation ( J , 25 ) of  the three-d imens ional problem 
has been programmed . The result is lis ted in Table I I .  
The algor i thm of this program is i n  5 s teps : 
1 .  Read ing in the various overs tress factors and the 
init ial crack lengths . 
2 .  Tes t ing the s ign change for each generated function to 
locate the interval wherein the root exis ts . 
J .  Us ing iteration formula Xk+l = Xk � Y/Y ' until  the Xk+l 
converges to a c er tain value so that jxk+l - Xk l < 10
-6 , 
the las t Xk+l is adopted as  a solution .  
l} . In cas e the Xk+l d iverges during the cours e of i terat ion , 
the solution is pu t in as zero so that i t  can be identi -
f i ed as no answer . 
5 .  Printing a table . 
THE MAIN S YMBOLS IN THE PROGP..AM 
EPS Maximum admisc ible error 
K Overstress factor 
AI Initial crack length 
CO The value of the . function Y ,  
when given an assumed arTest crack length X 
I Number of iteration 
Y The algebraic function 
YD The first d erivative of Y respect to X 
XN The new generated value of Xk+l . 
-ARR Arrest crack length 
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C 2- D AR R E S T  C R A C K  S O L V E D  BY  N E W T ON- R A P H S ON ME T H O D  
C M A X . A D M I S S I A B L E  E R R O R  I S  T O  B E  L E S S  T H A N  E P S  
DOU B L E P R E C I S I ON P I , E P S , A , K , X , C A , C B , C C , C E , C F , C G 
DOU B L E  P R E C I S I O N R , T , Y , Y O , T T , XN , E R , K I ( 2 0 ) , A l ( l 5 )  
O OU H L E  P R E C I S I CN X A S , A R R ( 2 0 , 1 5 ) , C H , C 0 ( 2 )  
5 F O R � A T ( l H l , / / / / / 2 3 X , 5 F l O . 4 ) 
6 F O R M A T ( l H 0 , 1 7 X , F 4 . 2 , 2 X , 5 F l 0 . 4 ) 
P l = 3 . 1 4 1 5 9 2 6 5 3 5 8 q 7 9 3  
E P S= l . O- 5  
C O  2 C O I = l , 2 0 
2 0 0 K l ( f ) = ( l l & I ) * . l  
R E A O ( l l , 3 )  ( A I ( I ) , I = l , 1 5 )  
3 F O R M A T ( l 5 F 3 . l )  
WR I T E ( l 2 , 4 ) ( K I ( l ) , 1 = 1 , 2 0 ) , ( A I ( J ) , J = l , 1 5 )  
4 F O R M A T ( l H , 3 H K I = 2 0 F 5 . 2 , / 3H A= l 5 F 5 . 2 )  
DO  5 0 0 J = l , 2 0 
K= K I  ( J )  
DO  5 0 0  L = l , 1 5 
A=  A I ( L )  * A I ( L )  
C A = . 5 / D S C R T ( A )  
C F = D S Q R T ( D S Q R T ( A ) ) 
C B = K * ( l . / A+ 2 . * P I ) 
CC = P I - . 5 / A & ( K * K & l . ) * ( . 5 / A & P I ) 
C E = l . + 2 . * P I * A  
. X= A & . 0 1  
R= X / A  
T = l . + 2 . * P I * X 
CG= O S Q R T ( X )  
Y = C A / C G- P I * DS Q R T ( R ) - C B * D S Q R T ( O S Q R T ( l . / R ) ) - . 5* T *  
2 ( l . - K * C S Q R T { D S Q RT ( R ) ) * C E / T ) * * 2 / D S Q R T C X * A ) & C C  
C O ( l ) = Y 
2 5  X= X & l . 
R= X / A  
T= l . + 2 . * P I * X 
CG = U S Q R T ( X )  
Y = C A /C G- P I * D S Q R T ( R ) -C B * D S Q R T ( O S C R T ( l . / R ) ) - . 5 * T * 
2 ( l . - K * D S Q R T ( C S C R T ( R ) ) * C E / T ) ** 2 / 0 S Q R T C X * A ) & C C  
C0 { 2 ) = Y  
I F ( C C ( l ) 0 C O ( 2 ) ) 3 0 , 3 0 , � 5  
3 5  C O ( l ) = C C C 2 )  
I F ( X- A- 1 0 0 . ) 2 5 , 2 5 , 8 5 
. 3 0 I =  l 
6 0  R = X / A 
· -
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T = l . + 2 . * P l * X 
CG = D S Q R T ( X )  
C H= C G + 2 . * P l *C G * * 3  
Y=C A / CG- P l * D S Q R T ( R ) -C B * D S Q R T ( O S Q R T ( l . / R ) ) - . 5 * T *  
2 ( l . - K * DS Q RT ( C S QR T ( R ) ) * CE / T ) * * 2 / D S Q R T ( X * A ) &C C 
T T = ( C F * T - K * D S Q R T ( C G ) * C E l * * 2 * ( . 5 /C G& 3 . * P l * CG ) 
3 / ( A * C H * C H ) - 2 . * ( C F * T-K * D S C R T ( CG ) * C E ) 
4 * ( 2 . * P l * C F - . 2 5 * K *C E / D S Q R T ( CG > * * 3 ) / ( A * C H ) 
YD=- . 5 *C A / D S Q R T ( X * * 3 ) - P I *C A / C G & . 2 5 * C B *C F / DS Q R T  
5 ( OS Q R T ( X * * S ) ) & T T * . 5  
X N = X- Y/ Y C  
E R = X N- X  
[ F ( DA B S ( E R ) - E P S ) 1 0 0 1 5 0 , 5 0 
5 0  X= X N  
I = l + l  
I F ( I -2 0 ) 2 0 , 2 0 , 8 5 
20  I F ( X )  8 5 , 60 , 6 0 
1 0 0  A R R ( J , L > = DS QR T ( X N )  
GO TO  5 0 0  
8 5  A R R ( J , L ) = . O  
5 0 0  CONT I NU E  
00 600 I = l , 3  
L= 5 � ( 1 - U & l 
L L= l &4 
WR I T E ( 1 2 , 5 l  ( A I ( J ) , J = L , L L ) 
DO 6 0 0  N= l , 2 0 
6 0 0  hR I T E ( l 2 , 6 )  K l ( N ) , ( ARR ( N , M ) , M= L , L L )  
E ND 
DAT A  
. 1  . 2  . 3  . 4  . 5  . 6  . 7  . 8  . 9 1 . 0 1 . 1 1 . 2 1 . 3 1 . 4 1 . 5  
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� O . l C C O 0 . 2 0 c c  0 . 3 0 0 0  0 . 4 C 0 0  o . s c o o  
1 . 2 0  l . 1 8 6 1-t 0 . 6 q 4 3  0 . 6 3 0 1 0 . 6 7 8 6  0 . 7 6 6 0  
1 . 3 0  l . 4 1 7 9 0 . 8 5 2 1  C . 76 8 6 0 . 8 1 C 6 0 . 8 9 9 0  
1 . 4 0  1 . 6 6 1 7  1 . 0 1 1 5 C . 9 0 7 6  0 . 94 4 6  1 . 0 3 5 5  
1 . 5 0 1 . 9 1 9 2  1 . 1 7 5 5  1 . 04 9 7  1 . 0 8 2 3  l . 1 7 6 6  
1 . 6 0 2 . 1 9 1 4  1 .  3 4  5 8  l . 1 96 6  1 . 2 2 4 9 1 . 3 2 3 0 
1 . 7 0  2 . 4 7 8 7  1 . 5 2 3 3  1 . 3 4 9 0  1 . 3 7 2 9 1 . 4 75 3  
1 . s o  2 . 7 8 1 6  1 . 1 0 8 8  1 . 5 0 7 6  1 . 5 2 6 9  1 . 6 3 3 9 
1 . 9 0  3 . 1 0 0 4  l . 9 C 2 7  1 . 6 72 8  1 . 6 8 7 3  1 . 7 <; 9 1 
2 . 0 0  3 . 4 3 5 2  2 . 1 0 5 2 1 . 8 4 4 9  1 . 8 5 4 2 1 . 9 7 1 0 
2 . 1 0  3 . 7 8 6 3  2 . 3 1 65  2 . 0 2 4 1 2 . C 2 7 9  2 . 1 5 0 0  
2 . 2 0 4 . 1 5 3 8  2 . 5 3 7 C 2 - 2 1 0 6 2 . 2 0 8 5  2 . 3 3 6 0 
2 . 3 0  4 . 5 3 7 7  2 . 7 6 6 7  2 . 4 04 6  2 . 3 9 6 3  2 . 5 2 9 4  
2 . 4 0  4 . 9 3 8 1  3 . 0 0 5 7  2 . 6 0 6 2  2 . 5 9 1 2  2 . 7 3 0 1  
2 . 5 0 5 . 3 5 5 1  3 - 2 5 4 1  2 . 8 1 5 4 2 . 7 9 3 5  2 . 93 8 2  
2 . 60 S . 7 8 8 7  3 . 5 1 2 1  3 . 0 3 2 4  3 . 0 0 3 1  3 . 1 5 3 9  
2 . 1 0 6 . 2 3 9 0  3 . 7 7 9 6 3 . 2 5 72 3 . 2 2 0 1 3 . 3 7 7 2 
2 . 8 0 6 . 7 0 6 0  4 . 0 5 U: 3 . 4 8 9 9  3 . 4 4 4 7  3 . 6 0 8 2  
2 . 9 0  7 . 1 8 9 8  4 . 3 4 3 4  3 . 7 3 0 5  3 . 6 7 6 8 3 . 8 4 6 9  
3 . 0 0  7 . 6 9 0 2  4 - 6 3 9 8 3 . 9 7 9 1  3 . 9 l c 6  4 . 0 9 3 3 
3 . 1 0  8 . 2 C 7 5  4 . 9 4 6 C  4 . 2 3 5 7  4 . 1 6 3 9  4 . 3 4 7 6  
Table 1 .  Arre s t  crack lengths for the 2-D problems . 
k and ✓Ro are dimens io�le s s overs tre s s  factor 
and dimens ionle s s  ini tial crack length 
re spectively . 
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� 
0 . 6 C C O  0 . 1 0 c c  0 . 8 0 0 0  0 . 9 C O O  1 . c c c o 
1 . 2 c  o . 8 c 9 8  c . q a 1 1  1 . 0 9 8 2  1 . 2 1 7 7 1 . 3 3 9 0  
l . 3 C 1 . 0 0 8 4 1 . 1 2 8 6  1 . 2 5 5 3  1 . 3 8 6 C 1 . 5 1 94 
1 . 4 0 1 . 1 5 1 6  1 . 2 8 1 1  1 . 4 1 8 8  1 . 5 6 1 6  1 . 7 0 7 9  
1 . 5 0 1 . 3 0 0 2  1 . 4 3 ', 9  1 . 5 8 9 3  1 . 7 4 5 0  1 . 9 0 5 0 
l . 6 C 1 .  4 5 4  9 1 - 6 0 5 5 1 . 7 6 7 4  1 . 9 3 6 7  2 . 1 1 1 1 
1 . 1 0 l .  6 1 6 0 1 . 7 7 8 1  1 . 9 5 3 2  2 . 1 3 6 9  2 . 3 2 6 5  
1 . 8 0 1 . 7 8 3 9 1 . 9 5 8 1  2 . 1 4 7 1 2 .  3 4  59  2 . 5 5 1 4 
1 . 9 0 l .  9 58  9 2 . 1 4 5 8  2 . 3 4 9 3  2 . 5 6 3 9  2 . 7- 8 6 1 
2 . c o 2 . 1 4 1 1 2 . 3 -4 1 3  2 . 5 6 0 0  2 . 7 9 1 1  3 . 0 3 0 7  
2 . 1 0  2 . 3 3 0 8  2 - 5 4 4 8 2 . 7 7 9 4  3 . 0 2 7 7  3 . 2 8 5 4  
2 . 2 0 2 . 5 2 7 9 2 .  7 5 6 4 3 . 0 0 7 6  3 . 2 7 3 7  3 . 5 5 0 4 
2 . 3 C 2 . 7 3 2 8  2 .. c n 6 3  3 . 24 4 6 3 . 5 2 g 4  3 . 8 2 5 8  
2 .  1-t O  2 . 9 4 5 5  3 .. 2 0 4 5 3 . 4 9 0 7  3 . 7 9 4 9  4 . 1 1 1 6 
2 . 5 0 3 . 1 6 6 1 3 . 4 4 1 3 3 . 7 4 5 9 4 . C 7 C l  4 . 4 08 0  
2 . 6 0 3 . 3 9 4 6  3 .. 6 8 6 5 4 . 0 1 0 3  4 . 3 5 5 3  4 . 7 1 5 1  
2 . 1 c 3 . 6 3 1 2  3 . 9 4 0 3 4 . 2 8 4 0  4 . 6 5 C 5  5 . 0 3 3 0  
2 . 8 0 3 . 8 7 5 8  4 . 2 0 2 S  4 . 5 6 7 0  4 . 95 57 5 . 3 6 1 7 
2 . 9 0 4 . 1 28 6 4 . 4 7 4 1 4 . 8 5 9 3  5 . 2 7 1 1  5 . 7 0 1 3 
3 . C C 4 . 3 8 q 6  4 . 7 5 4 1 5 . 1 6 1 2  5 . 5 9 l: 6  6 . C 5 1 8  
3 .  1 0  4 . 6 5 8 8  5 .. 0 4 2 9  5 . 4 7 2 5  5 . 9 3 2 4  6 . 4 1 3 4 
Table 1 . ( c ontinued)  
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� 
1 . 1 c c c 1 . 2 c c o  l . 3 C C C  l . 4 C O C  1 . 5 c c o  
1 . 2 c 1 . 4 6 1 7  1 . 5 8 5 4 1 . 7 0 9 8 1 . 8 3 4 7  1 . 9 6 0 1 
1 . 3 0 l . 6 5 4 7 1 . 7 9 1 5  1 . 9 2 9 3  2 . 06 8 0  2 . 2 0 7 3  
1 . 4 0  1 . 8 5 6 7  2 . 0 0 7 4  2 . 1 5 9 5  2 . 3 1 2 6 2 . 4 6 6 6  
l . 5 C 2 . 0 6 8 1 2 . 2 3 3 4 2 . 4 0 0 5  2 . 5 6 9 0  2 . 7 3 8 5 
1 . 6 0 2 . 2 8 9 2  2 . 4 7 C C  2 . 6 5 2 9  2 . 8 3 7 4  3 - 02 3 2  
1 . 1 0 2 . 5 2 0 4  2 . 7 1 7 4 2 . 9 1 6 9  3 . 1 1 8 2  3 . 3 2 1 1 
1 . 8 0  2 . 7 6 1 9  2 . 9 7 5 9  3 . 1 9 2 7,  3 . 4 1 1 8 3 . 6 32 5  
1 . 9 0  3 . 0 1 3 8  3 . 2 4 5 7 3 . 4 8 0 7  3 - 7 1 8 1  3 . 9 5 7 6  
2 . 0 0 3 . 2 7 6 5  3 . 5 2 6 9  3 . 7 8 0 9  4 . 0 3 7 6 4 . 2 9 6 6  
2 . 1 0  3 . 5 5 0 1 3 . 8 1 9 9  4 . 0 9 3 6  4 . 3 7 0 4  4 . 6 4 9 7  
2 . 2 c 3 .  8 3 4 7 4 . 1 2 4 6  4 . 4 1 8 9  4 . 7 1 6 7 5 . 0 1 7 1  
2 . 3 0  4 . 1 3 0 4  4 . 4 4 1 3  4 . 7 5 7 0  5 . 0 7 6 5  5 . 3 9 8 9  
2 . 4 0 4 . 4 3 7 4  4 . 7 7 C l 5 . 1 0 8 0  5 . 4 5 C O  5 . 7 95 3 
2 . 5 0 4 . 7 5 5 8  5 . 1 1 1 1  5 . 4 7 2 C 5 . 8 3 7 4 6 . 2 C6 5  
2 . 6 0  5 . 0 8 5 7 5 . 4 6 4 3  5 . 8 4 9 1 6 . 2 3 8 8  6 . 6 3 2 4  
2 . 1 0 5 . 4 2 7 1  5 . 8 3 C O  6 . 2 39 5 6 . 6 5 4 3  7 . 0 7 3 2  
2 . 8 0 5 . 7 8 0 2  6 . 2 0 8 0  6 . 6 4 3 1 7 . 0 8 3 8 7 . 5 2 9 1 
2 . q c  6 . 1 4 4 9  6 . 5 9 8 6  7 . 0 6 0 1  1 . 5 2 1 1 a . e c o l  
3 . C O 6 . 5 2 1 4 7 . 0 0 1 8  7 . 4 9 0 6  7 . 9 8 5 8  8 . 4 8 6 2  
3 . 1 0  6 . 9 0 9 8  7 . 4 1 7 7  7 . 9 3 4 5 8 . 4 5 8 3  8 . 9 8 7 6  
Table 1 .  ( continue d )  
� 
1 . 2 0  
l . 3 C 
1 . 4 0 
1 . 5 0 
1 . 6 0  
1 . 1 0 
1 . 8 0  
1 . g o  
2 . 0 0 
2 . 1 0  
2 . 2 0  
2 . 3 0 
2 . 4 0 
2 .  5 0  
2 . 6 0  
2 . 1 0 
2 . 8 0 
2 . 9 0  
3 . C O 
3 .  1 C 
Table 2 .  
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o . 1 o c o  0 . 2 0 c c  0 . 3 0 0 0  0 . 4 0 0 0  0 . 5 0 0 0  
l . 3 � 7 3 0 . 9 1 6 9  o . 74 3 9  0 . 6 9 7 1 C . 7 2 6 3  
1 . 4 8 3 0 1 . 0 1 9 9  C . 8 4 2 9  0 . 7 9 2 C  0 . 8 1 5 1 
1 . 6 06 9  1 . 1 1 7 7  0 . 9 3 3 5  0 . 8 7 8 0  0 . 8 9 7 4  
1 . 7 2 9 3  1 . 2 1 2 3 1 . 0 1 9 1 0 . 9 5 9 0  C . 9 7 5 5  
.. 
1 . 8 5 0 8  1 .  30 1t 7  1 . 1 0 1 5  l . 0 3 t 6  1 . 0 5 0 8  
1 . 9 7 1 5  1 . 3 9 5 5  1 . 1 8 1 6  1 . 1 1 1 8 1 . 1 24 1 
2 . 09 1 7 1 . 4 8 5 1  1 . 2 6 0 1 1 . 1 8 5 5 1 . 1 96 0  
2 . 2 1 1 4 1 . 5 7 3 8  1 . 3 3 7 4  1 . 2 5 7 8  1 - 2 6 6 9  
2 . 3 3 0 7  1 . 6 6 1 8  1 . 4 1 3 7 1 . 3 2 9 2  1 . 3 3 6 8  
2 . 4 4 9 8  1 . 7 4 9 2  1 . 4 8 9 3  1 . 3 9 9 8 1 . 4 06 1  
2 . 5 6 8 6  1 .  8 3 6  2 l .  5 64 4  1 . 4 6 9 8  1 . 4 74 9  
2 - 6 8 7 3 1 . 9 2 2 8  1 . 6 3 8 9  1 . 5 3 <; 4 1 . 5 4 3 2  
2 . 8 0 5 7  2 . 0 0 9 1  1 . 7 1 3 1  l . 6 C 8 5  1 . 6 1 1 2 
2 . 9 2 4 1  2 . 0 '1 5 2 1 - 7 8 7 0  1 . 6 7 7 4 1 . 6 7 8 9  
3 . 0 4 2 3  2 . 1 8 1 0  1 . 86 06 1 . 7 4 5 9  1 . 7 4 6 3 
3 . 1 6 0 5  2 .  2 (;  6 7 1 . 9 3 4 0  1 . 8 1 4 3 1 . 8 1 3 6 
3 . 2 7 8 5  2 . 3 5 2 2  2 . 0 0 12 1 . 8 8 2 4 l . 8 8 C7  
3 . 39 6 5  2 . 4 3 7 6 2 . 0 8 0 2  l . 9 5 0 4  1 . 94 7 6  
3 . 5 1 4 4 2 . 5 2 2 9  2 . 1 5 3 1 2 . 0 1 8 3 2 . 0 1 4 5  
3 . 6 3 2 3  2 . 6 0 8 1  2 . 2 2 59 2 . 0 8 6 0  2 . 0 8 1 2 
Arre s t  crack lengths for the 3 -D problems . 
k and 3JRo are dimens i onle s s overs tre s s  factor 
and dimens i onle s s  ini tial crack length 
re spe ctively. 
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0 . 6 0 0 0 0 . 7 0 C 0  0 . 8 0 0 0  0 . 9 C C C  1 . c c c o  
1 . 2 0 0 . 7 9_ 4 7 0 . 8 8 2 4  0 . 9 8 0 3 1 . 0 8 3 9  1 . 1 9 1 0  
1 . 3 0 0 . 8 7 9 8  0 . 9 6 6 9  1 . 0 6 6 6  1 . 1 7 3 7 l . 2 8 5 5  
1 . 4 0 C . 9 6 0 2  1 . 0 4 7 9  1 . 1 5 0 2  1 . 2 6 1 3  1 . 3 7 8 1 
1 . s c 1 . 0 3 7 6 1 . 1 2 6 7  1 . 2 3 2 0  1 . 3 4 7 5  1 . 4 6 9 5  
l . 6 0 1 . 1 1 2 8  1 . 2 0 3 c 1 . 3 1 2 6  l . 4 3 2 6  1 . 5 60 0  
1 . 1 0  1 . 1 8 6 5  1 . 2 7 9 7  1 . 3 92 2  1 . 5 1 7 0  1 . 6 4 9 9 
l .  8 0  1 . 2 5 9 1  1 . 3 5 4 8  1 . 4 7 1 1 1 . 6 0 0 7  1 . 7 3 9 2  
1 . 9 0 1 - 3 3 0 7  1 . 4 2 9 1 1 . 5 49 4  1 . 6 8 4 0  1 .- 8 2 82 
2 . 0 0 1 . 4 0 1 7  1 . 5 0 2 8  1 . 6 2 7 3  1 . 76 6 9  1 . 9 1 6 9  
2 . 1 0  1 . 4 7 2 1 1 . 5 76 1  1 . 7 04 8 1 . 8 4 9 6  2 . 0 0 5 3  
2 . 2 0 1 . 5 4 2 1 1 . 6 4 9 1 1 . 7 8 2 1  1 . 9 3 2 1 2 . 093 6 
2 . 3 0  1 . 6 1 1 7 1 . 7 2 1 8 1 . 8 59 1 2 . C l 4 4  2 . 1 8 1 8  
2 . 4 0 1 . 6 8 1 0  l . 7 9 4 3 1 . 9 3 6 0  2 . 0 9 6 5  2 . 2 6 9 9  
2 . 5 0  1 . 7 5 0 2  1 . 8 6 6 6  2 . 0 1 2 8  2 . 1 7 8 6  2 . 3 5 7 9  
2 . 6 0  1 . 8 1 9 1  1 . 9 3 € 8  2 . 0 8 9 4  2 . 2 6 0 6 2 . 4 4 5 9  
2 . 1 0  1 . 8 8 7 8  2 . 0 1 0 8 2 . 1 6 6 0  2 . 3 4 2 6  2 . 5 3 3 9  
2 . 8 0 1 . 9 5 6 5  2 . 0 8 2 8 2 . 2 42 5  2 . 4 2 4 5  2 . 6 2 1 8  
2 . 9 0 2 . 0 2 5 0  2 . 1 5 4 7  2 . 3 1 8 9 2 . 5 0 64 2 . 7 0 9 8  
3 . 0 0 2 . 0 9 3 4  2 . 2 2 t 5 2 . 39 5 3  2 . 5 8 8 3 2 . 7 9 7 7 
3 . 1 0  2 . 1 6 1 8  2 . 2 9 8 2  2 . 4 7 1 7  2 . 6 7 0 1 2 . 8 8 5 6  
�able 2 .  ( continued )  
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1 . 1 o c o  1 . 2 o c o  1 . 3 0 0 0  l . 4 C C C  l . 5 C C O 
1 . 2 0 l . 3 Q 0 4  1 . 4 1 1 3  l .  52  3 2  1 . 6 3 5 9 1 . 7 4 9 1  
1 . 3 0 1 . 4 0 0 4  1 . 5 1 7 3  1 . 6 3 5 7  o . o 1 . 5 0 2 0  
1 . 4 0 l . 4 '1 8 7  1 . 6 2 1 8  1 . 746 8 1 . 8 7 3 1 2 . C 0 0 4  
1 . 5 0 l . 5 S 5 9  1 . 7 2 5 4  1 . 8 5 7 0  1 . 9 9 0 2  2 . 1 24 5  
1 . 6 0 l . 6 9 2 4 1 . 8 2 8 2  1 . 9 6 6 5  2 . 1 0 6 6  2 . 2 4 8 1  
1 . 1 0 1 . 7 8 8 3  1 . 9 3 0 5  2 . 0 7 5 6  2 . 2 2 2 6 2 . 3 7 1 2  
1 . a c 1 . 8 8 3 7  2 . 0 3 2 5  2 . 1 8 4 3  2 . 3 3 84 2 . 4 9 4 1 
1 . 9 0 1 . 9 7 8 9  2 . 1 3 4 2  2 . 2 9 2 8  2 . 4 5 3 9  2 . 61 6 9  
2 . 0 0 2 . 0 7 3 8  2 . 2 3 5 7  2 . 4 0 1 2  2 . 5 6 9 3  2 . 7 3 9 5  
2 . 1 c  2 . 1 6 8 5  2 . 3 3 7 1  2 . 5 0 94 2 . 6 8 4 6  2 . 8 6 2 0  
2 . 2 0  2 . 2 6 3 2  2 . 4 3 8 3  2 . 6 1 7 6 2 . 7 CJ 9 9 2 . 9 8 4 5  
2 . 3 0  2 . 3 5 7 7  2 . 5 3 9 5  2 . 72 5 7  2 . 9 1 5 1 3 . 1 0 7 0  
2 . 4 0  2 . 4 5 2 1  2 . 6 4 0 7 2 .  a·3 3 9  3 . 0 3 0 4  3 . 2 29 5 
2 . s c  2 . 5 4 6 6  2 . 7 4 1 9 2 . 9 4 2 0  3 . 1 4 5 6  3 . 3 5 2 0  
2 . 6 0 2 . 6 4 1 0  2 . 8 4 3 0  3 . 0 5 0 1 3 . 2 6 09 3 . 4 74 6  
2 . 1 0 2 . 7 3 5 4  2 . g4 4 2  3 . 1 5 8 3  3 . 3 7 6 3  3 . 5 9 7 3  
2 . a o  2 . 8 2 9 8  3 . 0 4 5 4 3 . 2 6 64 3 . 4 9 1 6 3 . 7 1 9 9  
z . g o  2 . 9 24 2 3 . 1 4 6 6  3 . 3 7 4 7 3 . 6 0 7 1 3 . 8 4 2 7 
3 . 0 0 3 . 0 1 8 6  3 . 2 1t 7 8  3 . 4 8 3 0  3 . 7 2 2 6 3 . 9 6 5 �  
3 . 1 0  3 . 1 1 3 1  3 . 3 4 9 1  3 . 5 9 1 3  3 . 8 3 8 1 4 . 0 8 8 4 
Table 2 .  ( continued )  
APPENDIX B 
B- I Elas tic  Energz 
--l ►I 
----------- 11. --------....... 
_______________ ,... X 
Figure B-1 
Accord ing to Sneddon and Lowengrub the displac ement 
normal to the crack plane is  
J l r t)�t 
X t2-x 
, f xf !S: 1 
The elas tic  energy is  therefore 
W
8 
= ½4 0-s: Uy ( x ) dx - ½4 ( Y-l1) J; uy ( x ) d x  
( B- 1 ) 
( B-2 ) 
where the first integral in (B-1 ) as I 1, the second i s  12 • 
According to Wnuk (1970 ) 
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. 2, £2y l 1 
12 = 1CE �tan � + 2 log cos � ( B-3 ) 
Therefore deriving Ii only yi eld s 
11 = r- uy ( x )dx  
0 
= C J D. 51 tf ( t ) dt d ( xa ) 
0 X Jt·2-x2 
= c j
m
o
. dx (
x
l tf (t } dt ) Jt2-x2 
= C 
(
1 
J tf(t )dt 
0 f 
where 
Tt s
l 
= c z tf (t)dt 
0 
c= 4(1 -y
2)a2 
7C. E  
The function f ( t ) is  
f ( t } = 
0 
m < t � 1 
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where 
m = .l/a = cos  f3 
Thus 
Carrying out the integral 
( B-4 ) 
· subs ti tuting ( B-3 ) and ( B-4 ) into ( B-2 ) ,  and let ting We in 
term of r only , we obta in 
We = 
22�:Y
2 
[ 2 � tan � � ( � -� ) 
( � tan � + 2 log cos  f> ) J 
B-II  THE WORK DONE AND THE PLASTIC ENERGY DISS IPATION 
a. -------� 
Figure B-2 
( B- 5 ) 
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As shown in Figure B-2 , when the crack grows an infini­
tes imal d i s tance 5! , the crack length and plas tic zone 
extend to the s izes l + oi. and a + Ja respect ively . The 
work done on the sys tem i s  d is s i pated in plas tic deformation .  
The specific  plast ic energy d issi pation 1s  
(B-6 ) 
where from Good ier and Field ( 1963 ) 
Combining ( B-.5 ) and the plastic  work ( Wnuk 1970 ) 
W
P = 
21;:x [ p tan � + 2 log cos  r:, ]  
yield s 
( B-7 ) 
where f ( � ) = ( 1  + �) f-> tan � + ( 1  + �) log cos t3 
APPENDIX C 
THE DYNAMI C DIS PLACEMEN T AND THE STATIC DIS PLACEMENT 
The d ynamic opening d i splacement ud ( x ) for a moving 
crack and the s tatic opening d i splacement Us ( x ) are related 
by a correc tion fac tor F. T hat  1 s -
And F ( Kanninen 
F = 
where 
1968 ) i s  
e1 <
1 - �2 ) 4 
4P1 �2 - ( 1 + �2 )� K +l 
V 2 1 - � 
c z 2 
C 2 _ K +l ( Q) 
1 - )t -1 J 
and � ,  G , f are material cons tants .  
It  i s  kno1-m that 
)(. = 
J-4JJ 
;-µ 1 +;' 
(C-1 ) 
{ C-2) 
(C-3 ) 
= G ( C-4 ) 
for plane s train 
for plane s tress 
and c1 and c2 are d efined as the elastic  wave s peed in  the 
solid and V0 1 s  the crack propagating veloc i ty .  
I t  i s  easy to show tha t 
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Letting v = V0/c 2 we can then show the relation between 
the dynamic fac tor and the · crack extend ing veloc i ty .  ( see 
Figure C-1A )  
The dynamic fac tor i s  close  t o  1 when the ratio  o f  
·crack velocity to the elastic wave speed i s  low. Therefore 
in this  range the solu tion , which  does no t take into account 
the dynamic  effect ,  s till 1 s  reasonable .  Figure C-l B  shows 
compari son of the crack opening d isplacement of  the dynamic  
crack wi th the crack opening displacement of  the s tatic  crack . 
The s tatic crack opening d i splacement accord ing _ to 
Panas juk (1964) i s  
y K+l l x log I 
x /a2-J=2 -L Ja2-x2 u8 ( x )  = t; � x /a2-t2 +P.. Ja2-x2 
+ l log 11a
2 - 1.2 
Ja2 -J? 
+ Ja2-x2� 
- Ja2-x2 
x i s the crack line d i s tance from the central point 
� 
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